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Abstract. In this paper, uniform versions of index for uniform spaces equipped 
with free involutions arc introduced. They are mainly based on B-index defined and 
studied by C.-T. Yang in 1955, index studied by Conner and Floyd in 1960 and 
further development well collected by Matousek in his book on using the Borsuk- 
Ulam theorem in 2003. Examples of uniform spaces with finite B-index but infinite 
uniform version of index are given. It is also seen that for a uniform space X with a 
free involution T, a dense T-invariant subspace is capable of determining the uniform 
version of index of (A, T) . In the end, the concept of coloring is carried over to uniform 
set up and, to a certain extent, connection between uniform versions of coloring and 
uniform versions of index is also established. 



1. INTRODUCTION 

The classic Borsuk-Ulam theorem states that for every continuous function 
/ : S n — > M. n , n > there exists a point x G S n such that f(x) = f(—x). There 
are several equivalent versions of this theorem. One may find them in J. Matousek' s 
book [11], for instance. The unit n-sphere S n with antipodal involution A n given by 
A n (x) = —x, plays a key role in the Borsuk-Ulam theorem. C.-T. Yang [H], in the year 
1954, gave a generalization of this version of the Borsuk-Ulam theorem and some more 
a year later [15j. In Yang's generalizations, spheres with antipodal involutions were 
replaced by compact Hausdorff spaces with free involutions. Yang proved: 

Lemma 1.1. [H] If Tx is a fixed point free involution on a compact Hausdorff space 
X, then the following are equivalent. 

(i) For every continuous function / : X — > M n there exists iGl such that, 

f(x) = f(T x (x)). 

(ii) There is no continuous function / : X — > S n ~ 1 which satisfies 

f oT x = A n _i o /. 
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(iii) The intersection of n + 1 (non-empty) closed sets Fx,..., F n+1 is not null if 

n+i 

\J(F i UT x (F l ))=X 
i=i 

and for each i, i = 1, ...,n + 1, Fj fl T x (Fi) = 0. 

(iv) If n closed sets Fx,....,F n in X together with Tx(-Fi), Tx(F n ) cover X, then 
there is at least one set Fi such that Fi fl Tx(Fi) ^ 0. 

(v) If / is a continuous function from X into S 1 ™ such that, whenever x G X, 
f(x) ^ f(T x (x)), then / is onto. 

(vi) If X is covered by n + 2 (non-empty) closed sets Fx, F n+2 whose intersection is 
null and for each i, i = 1, n + 2, Fi fl Tx{Fi) = 0, then the intersection of any 
n + 1 sets of Fx,..., F n+2 is not null. 

(vii) If X is covered by n + 1 closed sets Fx,...., F n+1 , then there is at least one set Fi 
such that Fi fl T x {Fi) ^ 0. 

In [15] , Yang associated a numerical quantity under the name 5-index with a com- 
pact Hausdorff space accompanied by a free involution T. Later P.E. Conner and E.E. 
Floyd [5], carried over the Yang's definition of B-index to Hausdorff topological spaces 
equipped with free involutions and gave it the name co-index. In the same paper they 
introduced and studied the concept of index which is closely related to that of co-index. 
The notion of co-index and index has been extended to other general settings by several 
authors, Z.D. Dai and T.Y. Lam, E. Fadell and S. Husseini, Pedro L. Q. Pergher and 
A. Yu. Volovikov, to name a few. Several important geometric results, embeddability 
problems and results in combinatorics have been proved using these indices. Taking 
inspiration from these sources we, in this paper, define and study uniform versions of 
index for uniform spaces with free involutions. Lemma 1.1 above is the basis of moti- 
vation for our results. 

The paper is organized as follows. In the second section, we fix some notations and 
recall some known definitions and results that will be used in the paper. In the third 
section, we define uniform versions of index and give their basic properties. Here, we 
will also compute these indices for certain uniform spaces and use them as counter ex- 
amples. In the fourth section, we find uniform index determining invariant subspaces. 
In the fifth section, we determine connections between uniform indices of product uni- 
form spaces carrying certain types of free involutions and uniform indices of factor 
spaces. In the sixth section, we relate uniform versions of index with uniform cover. 
Finally, in the seventh section we introduce uniform versions of coloring of maps and 
recast the results obtained in the sixth section in terms of uniform coloring. 
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2. NOTATION AND TERMINOLOGY 

In this section, we fix up some notations and recall some known definitions and 
results. We begin by recalling the definitions of co-index and index. Results related to 
these concepts can be found, for example, in [5] and [XI] . 

The co-index and the index. We will assume that all the topological spaces under 
consideration are non-empty and Hausdorff . 

An involution Tx is a homeomorphism of period 2 on a topological space X onto 
itself, that is for each x G X, T(T(x)) = x. Involution Tx is called a free involution 
if Tx has no fixed points, that is, for each x G X, Tx(x) ^ x. If topological spaces 
X and Y carry free involutions Tx and Ty respectively, then a continuous function 
/ : X — y Y is called equivariant provided it commutes with these involutions, that is, 
f oT x =T Y o f. 

Let A n be the antipodal involution on the unit n-sphere S n , n > and Tx be a 
free involution on a topological space X. The co-index (B-index in case X is compact) 
of (X, Tx) is defined to be oo if it cannot be equivariantly mapped into (S n ,A n ) for 
any non-negative integer n, otherwise it is defined as the least non-negative integer n 
for which there is an equivariant map from (X, Tx) into (S n ,A n ). If (S n ,A n ) cannot 
be equivariantly mapped into (X,Tx) for any non-negative integer n then index of 
(X,T X ) is defined as oo, otherwise it is defined as the largest non-negative integer n 
for which there is an equivariant map from (S n , A n ) into (X, Tx)- For any pair (X, Tx), 
index (X, Tx) < co-index (X,T X ). 
Example: co-index (S n , A n )=mdex (S n ,A n ) = n. 

We shall be calling co-index of a topological space with a free involution as .B-index 
only. 

We now collect some basic facts about uniform spaces, uniformly continuous maps, 
uniform cover, product of uniform spaces and uniform structure on topological groups. 
For details one may refer to [I], [6], [7], [8], [9], [12], and [T5] , for instance. 

Uniform structure. Uniform spaces have been widely studied after Andre Weil gave 
first explicit definition of uniform structures in the year 1937. One main reason is that 
the concept of uniform spaces generalizes the concept of metric spaces. Uniform spaces 
can be made into topological spaces, but they have an advantage that uniform structure 
can be used to define and study the concept of uniform continuity and completion. 
Before we recall the definition of a uniform structure we recall the definition of a filter. 
A filter J 7 on a set X is a non-empty family of non-empty subsets of X such that: 

(i) each superset of a member of J 7 is also a member of J 7 , 
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(ii) the intersection of each pair of members of J 7 is also a member of J 7 . 

A non-empty family of non-empty subsets of the set X is a filter base if the intersection 
of every pair of members of the family contains a member of the family. 

A subset N of a topological space X whose interior contains an element a; of X will 
be called a neighborhood of x. 

Example If x is an element of a topological space X. Then the family Af x of all the 
neighborhoods of x forms a filter on X called the neighborhood filter. 

A filter J 7 on a set X is said to refine another filter J 7 ' on X if each member of the 
filter J 7 ' is also a member of the filter J 7 . Let J 7 be a filter on a topological space X. 
The filter J 7 is said to converge to a point x G X if the filter J 7 refines the neighborhood 
filter M x . 

If X is a non-empty set, then a uniformity for X is a collection U of subsets of 
X x X called entourages such that 

(i) U is a filter on X x X, 

(ii) AX C U for every U eU, where AX = {(x,x) : x G X}, 

(iii) U <EU implies U^ 1 G W, where U~ l = {(y,x) : (x, y) G £/} 

(iv) for each U G W, there exists V G W with V o V C U . 

A pair (X,U), where U is a uniformity for the set X is called a uniform space. 

If the term 'filter' in the above definition is replaced by 'filter base' then the 
collection U is called a uniformity base for the set X. The uniformity generated by 
uniformity base consists of the supersets of the members of the base. 

An entourage U is called symmetric if U = £/ _1 , that is, (x,y) G U iff (y,x) G U. 

Proposition 2.1. Every uniformity W has a base of symmetric entourages. 

Let (X,U) be a uniform space. There is a unique topology 7w, called the uniform 
topology on the set X induced by the uniform structure U. In this topology, for each 
x G X, the collection #(x) of all the subsets C/(x) = {y : (x, y) G U} of X, where C/ 
varies over U, forms a neighborhood base at x. 
Examples 

(i) The collection T> of all subsets of X x X which contain the diagonal AX is a 
uniformity on X called the discrete uniformity. Discrete uniformity V induces 
discrete topology Td on X. 

(ii) Let (X, d) be a metric space. For each e > 0, let U e = {(x,y) : d(x,y) < e}. Then 
the collection B = {U e : e > 0} generates a uniformity on X called the metric 
uniformity induced by the metric d. Uniformity on IR n or any subspace of IR n 
induced by the Euclidean metric on R™ is called the Euclidean Uniformity and is 
denoted by £. 
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Unless otherwise stated, we will consider only the Euclidean topology and Euclidean 
uniformity on W l as well as on subspaces of lR n . 

A uniformity on a set X is separated if the diagonal AX coincides with the inter- 
section R of all the entourages. 

A filter J 7 on a uniform space X is called a Cauchy filter if for each entourage U 
of X there exists a member D of J 7 such that D x D C U. A uniform space (X, U) is 
complete if each Cauchy filter on X is convergent. 

A refinement of a uniformity U is a uniformity V on the same set X such that 
each entourage of U belongs to V. Two uniform structures U and V on the same set 
X are said to be comparable if either W refines V or vice-versa and they are said to be 
equivalent if U refines V and V refines W 

By a proper subset A of a set X we shall mean that 0^ Acl. A proper subset A 
of a uniform space {X,U) is made into a uniform space by means of relative uniformity: 
For U G U, let C/ A = {(a,b) : a,b e A, (a,b) G U}. The collection {C/ A : U G W} is a 
uniformity U/A on A and it induces (relative) subspace topology on A. 

Uniform continuity and Uniform cover. Let (X,U) and (Y, V) be uniform spaces. 

A function / : X — > Y is called uniformly continuous if for each V G V, there 
exists U G U such that (a, 6) G U =>• (f(a),f(b)) G that is, for each rr G X, 
/(C/(x)) C 

Example: Let (X, <i) be a metric space and A be a proper subset of X. Then the distance 
function oIa '■ X — > K. given by c?a(^) = inf{ii(a,x) : a G A} is a uniformly continuous 
function. 

A uniform homeomorphism f on the uniform space (X,U) is a homeomorphism on 
(X, Tu) such that both / and f" 1 are uniformly continuous. 

Proposition 2.2. Let (X,U) and (Y, V) be uniform spaces and / : X — > Y be a 
uniformly continuous function. If J 7 is a Cauchy filter on X then /(J 7 ) is a Cauchy 
filter on V. 

Proposition 2.3. Let (X, W) be a uniform space and A be a dense subset of X. Suppose 
/ : A — > Y is a uniformly continuous function, where Y is a complete separated uniform 
space. Then there exists a uniformly continuous extension / : X — > Y of /, and the 
extension is unique. 

A cover C of uniform space (X, U) is called a uniform cover if there is C/ G U such 
the cover : x G X} refines C. For a natural number n, by a n-cover we shall 

mean that the cover is of cardinality n. 
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Proposition 2.4. Let / be a function from a uniform space (X,U) into a uniform 
space (Y, V). Then / is uniformly continuous iff for every uniform cover C of (Y, V) the 
collection f~ l {C) is a uniform cover of (X,U). 

Proposition 2.5. (i) Every open cover of a compact uniform space is uniform, 
(ii) Every continuous function from a compact uniform space to any uniform space is 

uniformly continuous, 
(hi) A compact topological space has at most one uniformity which induces its topol- 
ogy 

A family of functions {f a } on a uniform space (X,U) to a uniform space (Y,V) is 
called equiuniformly continuous (with respect to X) if for each uniform cover V of Y 
there is a cover U of X such that every / Q T 1 (V) is refined by U. 

A uniform cover of a uniform space (X,U) is n- dimensional if each point of X 
belongs to at most n + 1 members if the cover. The Uniform dimension SdX of a 
uniform space (X, U) is said to be less than or equal to n provided every finite uniform 
cover of X has a uniform refinement of dimension at most n. 

Uniform product. Let {(X a ,U a )} be a family of uniform spaces. The smallest uni- 
form structure on the cartesian product X = Yl-^a for which all the projections 
p a : X — > X a are uniformly continuous is called the product uniform structure on 
X and the uniform space (X, Y[ U a ) is called the uniform product of the members of 
the family {(X a ,U a )}. 

Proposition 2.6. Let {(X a ,U a )} be a family of uniform spaces. Let : Y — > Y[X a 
be a function, where (Y, V) is a uniform space and Y\X a is the uniform product. Then 
is uniformly continuous iff each function p a o (p a ; Y — > X a is uniformly continuous. 

Uniform structure on topological groups. The uniform structure on topological 
groups have been extensively studied. There are four natural uniformities on a topo- 
logical group the left uniformity, the right uniformity, the supremum of left and right 
uniformities and the infimum of left and right uniformities. Each of these four unifor- 
mities induces the given topology of the topological group. We will consider only the 
left and the right uniformities on topological groups. 

Let U be a neighborhood of the identity element e of a topological group G. Let 
Lu = {(x,y) e G x G : x^y e U} and R v = {(x,y) G G x G : yx' 1 e U}. Then the 
family of all sets Ljj, as U runs through all neighborhoods of e generates a uniformity 
on G called the left uniformity and the family of all set Ru generates a uniformity on 
G called the right uniformity on G. The left uniformity is written as C while the right 
uniformity is written as 1Z. 
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Proposition 2.7. Let G and H be topological groups and / : G — > H be a continuous 
homomorphism. Then / is uniformly continuous from (G, C) into (H, C) and also from 
(G,n) into (H,K). 

Proposition 2.8. (i) Every left or right translation of a topological group G is uni- 
formly continuous function from (G, C) onto itself as well as from (G, 1Z) onto 
itself. 

(ii) Inversion in G defined as <f>(x) = is uniformly continuous function from 
(G,C) onto (G,1Z) as well as from (G,1Z) onto (G,C). 
We will denote the left translation function on G, by an element a of G, by T a 
and the right translation function on G by a as T a . In case left uniformity £ on a 
topological group G is equivalent to its right uniformity as is in the case of abelian 
topological groups and compact topological groups, we will call the uniformity £ or 1Z 
on G as the multiplicative uniformity. 

Inclusion technique. 

We see that for the unit n-sphere S n = {(xi, x n+1 ) : YH=\ x 1 = 1}> considered 
as subset of (n + l)-dimensional Euclidean space M n+1 , there are natural inclusion 
functions i n>m : S n — > S m and jn,k '■ S n — > M. k for m > n and k > n + 1 given by 

in,m(Xl, ...X n+ i) = (Xi, X n+ i, 0, 0^ ) 

(m—n)times 

and, 

jn,k(Xi, ...X n+ i) = (Xi, X n +i, 0, ) 

(k— (n+l))times 

We note that jn,k — i n+1 ' k o j n ,n+i where i n+1 ' k is the inclusion function from M n+1 
into R k given by i n+1 ' k (x 1: ...x n+1 ) = (x 1: X( n+1) , 0^0 ). 

(k— (n+l))times 

Some of the proofs in the paper follow by just composition of these inclusions 
functions from left with the given functions. We avoid such repetitive details of the 
proofs by calling this technique of proof as i- technique. We note that all the inclusion 
functions above are uniformly continuous and thus i-technique will be used for uniform 
spaces as well. 

3. UNIFORM VERSIONS OF INDEX AND THEIR BASIC PROPERTIES 

In this section we will introduce uniform versions of index associated with uniform 
spaces with free involutions. We will give their basic properties, interrelationships and 
also display their relations with other indices as mentioned in the introduction. We 
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begin by denning uniform version of an involution which is underlying thread of the 
entire paper. 

Definition 3.1. Let (X,U) be a uniform space. By a uniform involution on uniform 
space (X,U) we mean an involution on X which is uniformly continuous. 

The triple (X,U,T X ) will stand for a uniform space (X,U) equipped with a free 
uniform involution Tx- At times, the triple (S n , S, A n ) will be written as S n only. Next, 
we define uniform version of an equivariant function and hence define uniform version 
of Yang's B-index. 

Definition 3.2. 

(i) Let T x and T Y be free uniform involutions on uniform spaces (X, U) and ( Y, V) 
respectively. Then we will call a function / : X — > Y u- equivariant if it is uniformly 
continuous and / o Tx — Tyof. A uniform homeomorphism / : X — > Y which is 
also u-equivariant will be called a u- equivalence. 

(ii) If there exists a u-equivariant function from the triple (X,U,Tx) to the triple 
(Y,V,Ty), then we say that, the triple (X,U,Tx) is u-equivariant to the triple 
(Y, V, Ty). If there exists a u-equivalence from the triple (X,U, Tx) onto the triple 
(Y, V, T Y ) then we will say that, the triple (X,U, T x ) is u-equivalent to the triple 
(X,V,T Y ). 

Remark 3.3. (i) We note that if / is a w-equivalence from the triple (X, U, T x ) onto 
the triple (Y, V, Ty) then f" 1 is also a -u-equivalence. One can now easily verify 
that the relation 'is u-equivalent to' is an equivalence relation on the class of all 
uniform spaces with free uniform involutions, 
(ii) We note that if the triple (X,U,Tx) is u-equivariant to the triple S n then for 
each m > n, the triple (X,U,Tx) is u-equivariant to the triple S m . This can be 
obtained using i-technique on a u-equivariant function from (X,U) into S n . 

Definition 3.4. We define uB-index of the triple (X,U,Tx) to be oo if (X,U,T X ) 
is not u-equivariant to S n , for any non negative integer n, otherwise we define it as 
the least non-negative integer n for which there exists a u-equivariant function from 
(X,U,T X ) to S n . 

Remark 3.5. In the Section 2 we gave the definition of index of topological spaces with 
free involutions. In view of the fact that every continuous function on the (compact 
space) S n to a uniform space (X,U) is uniformly continuous, we do not get anything 
new or different when we carry the concept of index to uniform spaces with free uniform 
involutions. As such we will be using the definition and term index as it is given in the 
Section 2 for triples (X,U,Tx)- 
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We now define another uniform version of index for the triples {X,U,T X ). 

Definition 3.6. Let X and Y be non-empty sets and T be a bijective function from 
X onto itself. Then we will call a function / : X — > Y to be T-Borsuk- Ulam if there 
exists some x G X such that f(x) = f(T(x)). 

Remark 3.7. 

(i) In view of the above definition and the definition of B-index, part (i) and part 
(ii) of Lemma 1.1 can be reworded as: 

(i) Every continuous function / : X — y M. n is Tx-Borsuk-Ulam. 

(ii) B-index (X,T X ) > n. 

We note that in Lemma 1.1, the equivalence of these statements were established 
for compact Hausdorff spaces with free involutions and it was stated for para- 
compact Hausdorff spaces with free involutions in [5]. However, we now indicate 
how to obtain their equivalence for any topological space with free involutions. 
The proof of forward as well as reverse implication proceeds by contradiction. 
Let (i) hold and on the contrary B-index (X, Tx) < n. By z-technique, we ob- 
tain a continuous but non-Tx-Borsuk-Ulam function from X into W 1 . Now, let 
B-index(X, Tx) = k > n. Suppose there exists a continuous function / from X 
into M n which is not Tx-Borsuk-Ulam then the function g from X into S" 1 ^ 1 de- 
fined as g(x) = f(x) — f(T x (x))/\\f(x) — f(Tx(x))\\ is equivariant. This shows 
that B-index (X,Tx) < n — 1, a contradiction. 

(ii) If T x is a free involution on a topological space X then using 2-technique, we 
can prove: If every continuous function from a topological space X into lR n is 
Tx-Borsuk-Ulam and m < n then every continuous function from X into M m is 
also Tx-Borsuk-Ulam. 

(iii) We also note that every continuous function from X into MP is Tx-Borsuk-Ulam. 

Thus, B-index can also be called BU-index in the following sense. 

Definition 3.8. Let X be a topological space and Tx be a free involution on X. 
Then we define BU-index of (X, Tx) to be oo if for each non-negative integer n, every 
continuous function / : X — > M n is Tx-Borsuk-Ulam, otherwise, we define it to be 
the largest non-negative integer n for which every continuous function / : X — » MJ 1 is 
Tx-Borsuk-Ulam. 



This motivates our next definition. 
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Definition 3.9. We define uBXJ-index of the triple (X,U,T X ) as oo if for each non- 
negative integer n, every uniformly continuous function / : X — > W l is Tx-Borsuk- 
Ulam, otherwise we define it as the largest non-negative integer n for which every 
uniformly continuous function / : X — > W a is Tx-Borsuk-Ulam. 

Later in this section we will show that uB-index of a triple (X,U,T X ) may not be 
equal to its uBU-index. In the following proposition we give an obvious property of 
uB-index as well as that of uBU-index, which will be used frequently throughout the 
paper. 

Proposition 3.10. Let (X,1A,T X ) be u-equivariant to (Y, V, T Y ). Then, 

(i) uB-index {X,U,T X ) < uB-index (Y,V,T Y ) and 

(ii) uBU-index(X,W,Tx) < uBU-index (Y,V,T y ). 

Proof. Let / : X — > Y be a u-equivariant function. 

(i) If uB-index (Y, V,Ty) is oo then there is nothing to prove. So, suppose uB-index 
of (Y, V, Ty) is finite, say n and g : Y — > S n be a u-equivariant function. Then the 
composition function h — g o / is a u-equivariant function from (X,U,T X ) into 
S n . Thus, uB-index (X,U,T X ) < n. 

(ii) The proof of the case when uBU-index (X,U, T x ) is oo is similar to the case when 
it is finite. Thus we consider only the finite case. Let uBU-index (X,U,T X ) = n 
and q : Y — > W 1 be any uniformly continuous function. The composition function 
h = q o f is uniformly continuous. Since h is a Tx-Borsuk-Ulam function, there 
exists an element x £ X such that h(x) = h(T x (x)) or q(f(x)) = q(f(T x (x))). 
Because / is u-equivariant, / o T x — T Y o f. Thus, q(f(x)) = q(T Y (f(x))). This 
shows that q is Ty-Borsuk-Ulam. Hence uBU-index (Y, V,T Y ) > n. 

□ 

As a direct consequence of the above proposition we get, 

Corollary 3.11. If the triple (X,U,T x ) is w-equivalent to the triple (Y,V,T Y ) then, 

(i) uB-index (X,U,T X ) =uB-index (Y,V,T Y ). 

(ii) uBU-index(X,W,Tx) =uBU-index (Y,V,T Y ). 

We now give an example of two triples which are not u-equivalent but they have 
same uB-index as well as the same uBU-index. 

Example 3.12. Let X = K. — {0}. Consider the discrete uniformity T> on the set X. 
Also, consider the multiplicative uniformity C on the abelian topological group X with 
group operation as usual multiplication of real numbers. Discrete uniformity V induces 
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discrete topology To and multiplicative uniformity £ induces Euclidean topology Tc 
on X. The reflection function Tx on X about the origin given by Tx(x) = —x, is a free 
uniform involution with respect to both these uniformities on X. However, the existence 
of a M-equivalence between the triples (X, V, Tx) and (X, £, Tx) is not possible as the 
existence of a homeomorphism is not possible between the spaces (X, To) and (X, Tc)- 
Define a function / : X — > S° as 



Considering, S as a topological group with multiplication we get that / is a con- 
tinuous homomorphism from (X, £,) onto S°. Thus, by Proposition 2.7 / is a uniformly 
continuous function on (X, C) . Now, for each x G X, f(Tx(x)) = —f(x). This shows 
that / is a u-equivariant function from (X, C) to S°. As / is uniformly continuous on 
(X,V), this also shows, / is a u-equivariant from (X,V) into S°. We, thus, conclude 
that uB-index (X,£,T X ) = uB-index (X,V,T X ) = 0. 

Now, the inclusion function i : X — > R is a uniformly continuous function on X 
with respect to both the uniformities, V and £ on X, but it is not Tx-Borsuk-Ulam. 
Hence, uBU-index (X,£,T X ) = uBU-index (X,V,T X ) = 0. 

The following remark is concerned with a partial converse of the above proposition. 

Remark 3.13. 

(i) The following result is included as an exercise in Matousek's book [TTJ, cf. pagel03, 
Exercise 8(b): 

Let Tx and Ty be free involutions on topological spaces X and Y respectively 
such that B-index (X, Tx) = index (X,Tx) < oo and B-index (Y,Ty) = index 
(Y, Ty) < oo. Then there exists an equivariant function from (X, Tx) into (Y, Ty) 
if and only if B-index (X, Tx) < B-index (Y,Ty). 

According to Proposition 5.3.2, [TT] . the forward implication of the above result 
is true even without the extra conditions taken on the spaces X and Y. For the 
reverse implication, we note that the hypothesis in the exercise are strong and 
can be weakened. If for spaces X and Y we assume B-index (X,Tx) < index 
(Y,T X ) < oo then also we get an equivariant function from (X,T X ) into (Y,T Y ). 
(This is easily obtained by plugging inclusion function between two equivariant 
functions that we get by definitions of B-index and index). 

(ii) The formulation and the proof of the following observation are analogous to those 
in (i) above. 

Let Tx and Ty be free uniform involutions on uniform spaces (X, U) and (Y, V) 
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respectively. If uB-index (X,U,T X ) < index (Y,V,T Y ) < oo then the triple 
(X,U,T X ) is u-equivariant to the triple (Y, Ty,Ty). 

Proposition 3.14. Let (X, U) be a uniform space equipped with a free uniform invo- 
lution T x . Further suppose, 

(i.) X = C\ U C2, where C\ and C2 are two components of X with Ci = T X (C2), and 
(ii.) for each symmetric entourage U belonging to Li, U n (Ci x C2) 7^ 0. 
Then uB-index (X,U,T X ) > 0. 

Proof. There are only two functions /1 and f 2 from X into S° such that, for i = 1,2, 
fi o Tx = — /j. They are defined as follows. 

(1) /i(Ci) = 1 and /i(C 2 ) = -1 

(2) /2(d) = -1 and / 2 (C 2 ) = 1 

We claim that none of the functions defined above is uniformly continuous. Consider the 
entourage AS* = {(1, 1), (—1, —1)} of S* . If we assume that fx is uniformly continuous 
then there must exist a symmetric entourage U belonging to U such that (fi x fi)(U) C 
AS* (see Proposition 2.1). Since Un (d x C 2 ) ^ 0, there exist G (Ci x C 2 ) n U 

such that (/x x fi)(x,y) = (fi(x),fi(y)) = (1, — 1) G AS* , a contradiction. Similarly 
we can show that / 2 is not uniformly continuous. Hence, uB-index (X,U,T X ) 7^ 0. □ 

We now see relationships between various indices so far defined. 

Proposition 3.15. Let T x be a free uniform involution on (X,U). Then 

B-index(X,7^,T x ) < uBU-index(X, U, T x ) < uB-index(X, U, T x ) 

Proof. The first inequality follows from the definition of BU-index and uBU-index and 
Remark 3.7. For the second inequality it is enough to consider the case when uB-index 
(X,U,T X ) is finite say, n. Now, as in Remark 3.7(i), by applying i-technique we get a 
uniformly continuous function from (X, U, T X ) into M™ +1 which is not Tx-Borsuk-Ulam. 
Therefore, uBU-index (X,U,T X ) < n. □ 

Remark 3.16. 

(i) In Section 2 we mentioned that index of a topological space with a free involution 
cannot be greater than its B-index and according to Remark 3.7, BU-index is 
always equal to B-index. 

(ii) We note that 

B-index(X,7^,T x ) = uBU-index(X, U, T x ) = uB-index(X, U, T x ) 

in at least two cases (i) topological space (X, Tu) is compact (ii) U is discrete 
uniformity Don I. 
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We now give an example of a triple with uB-index different from uBU-index. 

Example 3.17. Consider Euclidean uniformity £ on the set X = M — {0} (here we will 
not consider any group structure on set X). We note that the reflection function Tx 
on X about the origin is a free uniformly continuous function on (X, £). The inclusion 
function % : X — > K. is a uniformly continuous function which is not Tx-Borsuk-Ulam, 
therefore uBU-index (X, S,Tx) = 0. We also note that, the function / : X — > S° 
defined as /((0, oo)) = 1 and /((— oo,0)) = —1 is an equivariant function. Thus, 
B-index (X,7~£,Tx) = 0. However, we see that the triple (X,£,Tx) satisfies all the 
conditions of the Proposition 3.14. and therefore, uB-index (X,£,Tx) > 0. 

Proposition 3.18. Let G be a topological group. Suppose there exists an element a 
of order 2 in G. Then 

(i.) the triple (G,C,T a ) is u-equivalent to the triple {G,lZ,T a ), and 
(ii.) the triple (G,C,T a ) is u-equivalent to the triple (G,lZ,T a ). 

If, in addition, the element a belongs to the center of group G then all the four triples 
mentioned above are u-equivalent to each other. 

Proof. Since a is an element of order 2 in G, both left translation function T a and right 
translation function T a are free involutions on (G,C) as well as on (G,1Z). Also, by 
Proposition 2.8(i), they are both uniformly continuous as well. Now, by Proposition 
2.8(ii) the inversion function on G given by <f>(x) = x G G is a uniformly continuous 
function from (G, C) into (G, 1Z) as well as from (G, 1Z) into (G, C). Also, for each x E G, 
4>{T a (x)) = (f)(ax) = x~ x a = T a {<f){x)). Similarly, o T a = T a o 0. This shows that <p 
is a u-equivalence between the triples (G, C, T a ) and (G, 71, T a ) and also between the 
triples (G,C,T a ) and (G,H,T a ). 

Now, if the element a belongs to the center of group G then the function T a is a 
u-equivalence between the triples (G,C,T a ) and (G,C,T a ). Hence, by Remark 3.3(i), 
all the four triples are u-equivalent to each other. □ 

As a consequence of the above proposition and Corollary 3.11 we get, 

Corollary 3.19. Let a be an element of order 2 in a topological group G. Then 

(i) (a) uB-index (G,C,T a )= uB-index (G,1l,T a ), 
(b) uBU-index (G,£,T a )= uBU-index (G,TZ,T a ). 

(ii) (a) uB-index (G,C,T a ) = uB-index(G, K, T a ), 
(b) uBU-index (G,C,T a ) = uBU-index(G, K, T a ). 

If in addition a belongs to the center of G then uB-index and also uBU-index of all the 
four triples given above are equal. 
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We conclude this section by two important examples which clearly show that uB- 
index depends upon the uniformities on a set A even if they induce same topology on 
X. 

We note that the multiplicative uniformity C and the Euclidean uniformity £ on 
topological group X = H. — {0} with usual multiplication as group operation are not 
comparable but they induce same Euclidean topology on X. In Example 3.12 we de- 
termined uB-index (X,C,T X ) = and in Example 3.17 we showed that uB-index 
(X, £,T X ) > 0. We now give an example of a topological group having non-comparable 
left and right uniformities but having equal uB-index with respect to these uniformities 
and a common free uniform involution. 

Example 3.20. Let G = { ^ ^ : o 7^ a, 6 G 1} and 5 be any real number then the 

matrix A s — ^ ^ is such that Aj = I. As in Proposition 3.18, the left translation 

T As and the right translation T As on G defined by A s are free uniform involutions on 
(G, C) as well as on (G, TV). Define a function / : (G, C) ->• S° as /(X) = det X/\detX\. 
Considering S° as a topological group, we find that the function / is a continuous 
homomorphism from (G,£) into S°. Thus, by Proposition 2.7, / is a uniformly con- 
tinuous function. Also, —/(A) = - det X/ | det A \ = det(A s X)/\det X\ = f(A s X) = 
f(T As (X)) and -f(X) = det(XA 5 )/\ det AT] = f(XA s ) = f(T As (X)). This shows that 
/ is a u-equivariant function from (G, C, Ta 5 ) onto S° as well as from (G, £, T As ) onto 
S°, therefore uB-index (G,C,Ta s ) = uB-index (G, C,T As ) = 0. Hence by Corollary 
3.19, uB-index (G,K,T As )= uB-index (G,K,T A *) = 0. 

Remark 3.21. We note that the matrix A§ in the above example does not belong to 
center of the group G, yet uB-index of all the four triples formed by combination of 
left uniformity, right uniformity and the two involutions arising from two translation 
functions determined by As on G are equal. 

4. SUBSPACES DETERMINING UNIFORM INDEX 

Let Tx be a free uniform involution on a uniform space (A, Li). If a subset A of 
A is invariant under Tx then by Proposition 3.10 uB-index and uBU-index of the 
triple (A,U/A,Tx/A) gives a lower bound for uB-index and uBU-index of the triple 
(X,U, Tx) respectively. However, in certain cases determining uB-index and uBU-index 
of the triple (A,U/A,T X /A) is enough to determine uB-index and uBU-index of the 
triple (X,hi,Tx), respectively. In this context we define, 

Definition 4.1. Let (X,U) be a uniform space with a free uniform involution Tx and 
A be a proper subset of A which is invariant under Tx- 
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(i) If uB-index (X,U,T X ) =uB-index (A,U/A,T X /A) then we say that the triple 
(A,U/A,T X /A) is a uB-shrinking of the triple (X,U,T X ). If there exists a uB- 
shrinking of (X,U,T X ) then we say that the triple (X,U,T X ) is uB-shrinkable. 

(ii) If uBU-index (X,U,T X ) =uBU-index (A,U/A,T X /A) then we say that the triple 
{A,U/A, T x /A) is a uBU- shrinking of the triple (X,U, T x ). If there exists a uBU- 
shrinking of (X,U,T X ) then we say that the triple (X,U,T X ) is uBU -shrinkable. 

Remark 4.2. We note that if the (A,U /A,T X /A) is a uB-shrinking (uBU-shrinking) 
of the triple (X,U,T X ) and X D B D A, B invariant under T x then (B,U/B,T X /B) 
is also a uB-shrinking (uBU-shrinking) of the triple (X,U,T X ). 

The proof of the following proposition is straightforward and is therefore omitted. 

Proposition 4.3. Let / be a u-equivalence from the triple (X,U,T X ) onto the triple 
(Y,V,T Y ). Then, 

(i) (A,U/A,T X /A) is a uB-shrinking of (X,U,T X ) iff (f(A), V/f(A), T Y /f(A)) is a 
uB-shrinking of (Y, V, Ty). 

(ii) (A,W/AT X /A) is a uBU-shrinking of (X,U,T X ) iff (/(A) , V/ /(A) , T Y j f(A)) is 
a uBU-shrinking of (Y, V, Ty). 

Proposition 4.4. Let iV be a proper subset of a topological group G and a be an 
element of order 2 in G. Then 

(i) (a) (N,£/N,T a /N) is a uB-shrinking of (G,£,T a ) iff (TV -1 , 1Z/N -1 , T /7V -1 ) is 

a uB-shrinking of (G, ft, T a ). 
(b) (N,C/N,T a /N) is a uB-shrinking of (G,£,T a ) iff (N' 1 , TZ/N' 1 , T a /N- V ) is 
a uB-shrinking of (G,lZ,T a ). 

(ii) (a) (N, C/N, T a /N) is a uBU-shrinking of (G, C, T a ) iff (TV -1 , TZ/N -1 , T a /iV -1 ) is 

a uBU-shrinking of (G,TZ,T a ). 
(b) (TV, £/JV, T a /iV) is a uBU-shrinking of (G, £, T a ) iff (TV -1 , ft/TV" 1 , TJN' 1 ) is 
a uBU-shrinking of (G,lZ,T a ). 

Proof. While proving Proposition 3.18 we showed that the inversion function on G 
is a u-equivalence between the triples (G, C, T a ) and (G, 1Z, T a ) as well between the 
triples (G,C,T a ) and (G,1Z,T a ). The rest of the proof now follows from Proposition 
4.3. □ 

Theorem 4.5. Let (X,U) be a uniform space and T x be a free uniform involution 
on (X,U). If A be a proper dense subset of X which is invariant under T x then 
{A,U/A,T X /A) is a uB-shrinking of (X,U,T X ). 
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Proof. If uB-index (A,U/A,T X /A) is oo then trivially uB-index of (X,U,T X ) is oo. 
Suppose uB-index (A,U/A,T X /A) = n. Then there exists a uniformly equivariant 
function / from (A,U/A,T X /A) into S n . Since A is dense in X and S n is a separated 
complete uniform space, by Proposition 2.3 / has a uniformly continuous extension 
/ from (X,U) to S n . We now follow the proof of Proposition 2.3 as given in James 
[9] to show that the function / is u-equivariant. The extension function / is defined 
in [9] as, f(x) = y, where y is the limit of the direct image of the Cauchy filter 
J~x — {N x H A : N x is a neighborhood of x inX} under /. Let f(T x (x)) = z. Because 
T x is uniformly continuous, the filter T x {J r x ) is a Cauchy filter. Now since the Cauchy 
filter Tt x {x) refines the Cauchy filter T X {T^), the Cauchy filter fi^Txtx)) refines the 
Cauchy filter /(Txp^))- As a consequence, the Cauchy filter f(Tx{J- x )) also converges 
to z. But / oT x = —f. It follows that the Cauchy filter f(J- x ) converges to —z. Since 
S n is separated, y = —z. This shows that f(T x (x)) = —f(x). □ 

5. UNIFORM INDEX OF PRODUCT OF UNIFORM SPACES 

In this section we will establish relations between uniform versions of index of prod- 
uct uniform spaces and its factor spaces. If T x and Ty are free uniform involutions on 
the uniform spaces (X, U) and (Y, V) respectively then there is a naturally defined free 
uniform involution T = T x x Ty on the product uniform space (X x Y,U x V). 

Proposition 5.1. Let T = T x x Ty where, T x and Ty are free uniform involutions on 
the uniform space (X, U) and (Y, V) respectively. Then 

(i.) uB-index(X x Y,U x V,T) < min{uB-index(X, U, T x ), uB-index(Y, V, T Y )} 
(ii.) uBU-index(X x Y,U x V,T) < min{uBU-index(X, U, T x ), uBU-index(Y, V, T Y )} 

Proof. (i.) We will only consider the case when uB-index of both the triples (X, U, T x ) 
and (Y, V, Ty) are finite because the proof of the case when uB-index of one or 
both these triples is oo will follow in similar manner. Let uB-index (X,U, T x ) = n 
and uB-index (Y, V, Ty) = m. Then there exists u-equivariant functions / : X — > 
S n and g : Y — > S m . By definition of product uniformity itself it follows that 
the projections P x : X x Y — > X and Py : X x Y — > Y are uniformly contin- 
uous. It can be easily verified that the compositions / o P x : X x Y — > S n and 
g o P Y : X x Y — > S m are also u-equivariant functions. Accordingly, uB-index 
(X x Y,U x V,T) < n and uB-index (X x Y,U x V,T) < m. Thus, uB-index 
(X x Y,U x V,T) < min{m,ra}. 
(ii.) As in part(L), here also we will only consider the case when uBU- index of triples 
(X,U,T X ) and (Y, V, Ty) are finite. Let uBU-index (X,U,T X ) = n and uBU- 
index (Y, V, Ty) = m. Then there exist a uniformly continuous function / from 
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X into W l+l which is not Tx-Borsuk-Ulam. The product h — f x C Y , of the 
non-Tx-Borsuk-Ulam function / and the constant function C Y : Y — >■ K° is a 
non-T-Borsuk-Ulam uniformly continuous function from 1x7 into R n+1 x R°. 
Thus, uBU-index (X x Y, W x V, T) < n. Similarly it can be shown that uBU-index 
(X x Y,U x V,T) < m. Hence, uBU-index (X x Y,U x V,T) < min{m,n}. 

□ 

Remark 5.2. If Tx and Ty are free involutions on topological spaces X and Y respec- 
tively then using the arguments as in the above proposition we get, 

B-index(X x Y,T X x T Y ) < min{B-index(X, T x ), B-index(Y, Ty)} 

In the next two propositions we show that under some specific conditions uB-index 
(uBU-index) of the product space equals uB-index (uBU-index) of one of its factor 
spaces. 

Proposition 5.3. Let (X,U,T X ) be u-equivariant to (Y, V, Ty). Then, 
uB-index(X x Y,U x V,T) = uB-index(X, U, T x ) and also, 

uBU-index(X x Y,U x V,T) = uBU-index(X, W, T x ), 
where T X) T Y and T are as in the previous proposition. 

Proof. Let / : X — > Y be a u-equivariant function. The graph function I x / from X 
into X x y is a uniform embedding. Also, for each x6l, T((7 x f )x) = T(x, f(x)) = 
(T x (x),T Y (f(x))) = (T x (x)J(T x (x)) = (I x f)(T x (x)). This shows that I x / is a 
u-equivariant function. Thus, by Proposition 3.10, uB-index (X,U,T X ) < uB-index 
(X x Y,U x V,T) and uBU-index (X,U,T X ) < uBU-index (X x Y,U x V,T). Again 
as (X,U,T X ) is u-equivariant to (Y,V,Ty), by Proposition 3.10 and 5.1 we have, uB- 
index (X x Y,U x V,T) < uB-index (X,U,T X ) and uBU-index (X x Y,W x V,T) < 
uBU-index (X,W,T X ). Hence the result. □ 

It may be noted that if Tx is a free uniform involution on X and Ty is a uniform 
involution on F which fixes at least one point then also the function T = T X x Ty is 
a free uniform involution on X x Y. 

Proposition 5.4. Let Tx, Ty and T be as above. Then 

uB-index(X x Y,U x V,T) = uB-index(X, W, T x ) and also, 

uBU-index(X x Y,U x V,T) = uBU-index(X, W, T x ). 
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Proof. Define a function / : X — > X x Y as f(x) = (x,y ), where T Y (yo) = Vo- 
Then by Proposition 2.6, / is uniformly continuous. Also, / is u-equivariant, since for 
each x G X, T(f(x)) = T(x,y ) = (T x (x),T Y (y )) = (T x (x),y ) = f(T x (x)). Thus, 
uB-index (X,U,T X ) < uB-index (X xY,U x V,T) and uBU-index {X,U,T X ) < uBU- 
index (X x Y, 14 x V, T). Now, while proving Proposition 5.1 we got that, uB-index 
(X x Y, U x V, T) < uB-index (X, U, T x ) and uBU-index (X x Y, U x V, T) < uBU-index 
(X,U,T X ). Hence, we get the required equality. □ 

We now give an example of a triple having unequal but finite B-index and uB-index. 

Example 5.5. Consider the triple (X, S, T X ) as in Example 3.17 and the triple S 1 . We 
proceed to show that B-index (S 1 x X, A\ x T X ) = while uB-index (S 1 xX, AjX T x ) = 
1. In Example 3.17, B-index of the triple (X,Ts,T x ) was determined to be and in 
Section 2, we mentioned that B-index (S* 1 ,^) = 1. Thus, by Remark 5.2 B-index 
(S 1 x X, A\ x T x ) = 0. Now the space S 1 x X is a dense (Ai x T)-invariant subset 
of the uniform space S 1 x K, where T is the reflection function on K about the origin. 
Since the involution T fixes the origin and uB-index (S 1 ,Ai) = 1, by Proposition 5.4 
uB-index (S 1 xR,A 1 xf) = 1. Hence by Theorem 4.5 uBindex (S 1 xl.ijx T x ) = 1. 
We note that uB-index of the triple (S 1 x X, A 1 x T x ) = 1 could have also been 
computed using Propositions 3.14 and 5.1. 

6. YANG TYPE THEOREMS FOR UNIFORM SPACES 

Coverings of spheres exhibit some special properties. Many of them were carried 
over to compact Hausdorff spaces with free involutions by C.-T. Yang; see Lemma 1.1. 
In this section we will study the extent to which these properties can be carried over 
to uniform spaces with free uniform involutions. Most of the results and proofs are 
obvious uniform version modifications of their counterparts in PQ,[H] and [Ti] . We give 
them here for the sake of completeness. 

Remark 6.1. Two important properties of spheres with which we shall be concerned 
are as follows. One may refer to [UJ, for instance. 

(i) Lyusternik and Shnirel'man's Theorem (1930): For any cover {Ci, C n+ \} of 
the sphere S n by n + 1 open (or closed) sets, there is at least one set containing 
a pair of antipodal points. 

This theorem is one of the equivalent versions of the Borsuk-Ulam theorem. Often, 
this theorem is interpreted in the following way, 

Let C be a collection of open (or closed) sets covering S n with no C G C containing 
a pair of antipodal points. Then C cannot contain less than n + 2 sets. 
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(ii) There is a covering of n-sphere S n by n + 2 open (closed) sets, no member of 
which contains a pair of antipodal points. 

Definition 6.2. Let X be a topological space and T be a free involution on X. Then 
a cover C of X will be called T-Borsuk if some member C of C contains an involution 
pair, that is C H T(C) ^ 0. 

Theorem 6.3. Let T x be a free uniform involution on a uniform space (X,U). If for 
k < n + 2, every open uniform /c-cover of (X,U), is Tx-Borsuk then uB-index of the 
triple (X,U,T X ) is strictly greater than n. 

Proof. Suppose, on the contrary, uB-index (X,U,T X ) < n. Then by Remark 3.3(h) 
there exists a u-equivariant function / : X — > S n . By Remark 6.1(h) there exists 
an open (n + 2)-cover C of S n which is not A„-Borsuk. Now, since every open cover 
of a compact space is uniform, the cover C of S n is uniform. By Proposition 2.4 it 
follows that the cover f~ l {C) is an open uniform /c-cover of (X,U) for some k < n + 2. 
Because C is not A n -Borsuk and / o T x = — /, the cover f~ l {C) is not T^-Borsuk, a 
contradiction. Hence, uB-index (X,U,T X ) > n. □ 

We now refer to the triple (X,£,T X ) considered in the Example 3.17. As a conse- 
quence of the above theorem we get, 



Corollary 6.4. Let X = R - {0} and T x (x) = -x. Then uB-index of (X,£,T X ) is 



Proof. The result follows from the above theorem if we show that every finite open 
uniform cover of (X,£) is Tx-Borsuk. In fact, we proceed to show that every uniform 
cover of (X,£) is T^-Borsuk. Let C be a uniform cover of (X, Li). Now a cover of a 
metric space is uniform iff it has a Lebesgue number. Let e > 0, be a Lebesgue number 
of the cover C. The subset A = (— e/3, 0) U (0, e/3) of X has diameter less than e. So, 
there exists a member say C of C containing the set A. This shows that C (1T(C) ^ 0. 
Hence the uniform cover C of X is Tx-Borsuk. □ 

Using Corollary 6.4 we can give more examples of the triples having infinite uB- 
index. 

Example 6.5. Let (X,£,T X ) be as in previous corollary. 



(i) For each n G N, n > 2, let X n = W 1 - ({0} x W 1 ' 1 ) be equipped with Euclidean 
uniformity and T n be the reflection function on X n about the origin O n = (0, 0). 



Then clearly, T n is a free uniform involution on X n . We note that the function 
/ : X — > X n defined by f(x) = (x, O n _i) is a u-equivariant function from (X, T x ) 



oo. 



n 
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into (X n ,T n ). Thus by Proposition 3.10 and Corollary 6.4, we get that for each 
n G N, n > 2, uB-index of (X n ,T n ) is oo. We also note that X n is T n -invariant 
subspace of X n = R™ — {O n }, T n is the reflection on X n about O n . Consequently 
for each n G N, n > 2, uB-index of (X n , T n ) is also oo. 
(ii) Consider the multiplicative uniformity C on the abelian topological group Y = 
(0, oo) with group operation as usual multiplication of real numbers. We note that 
the inversion function <f), <p{x) — 1/x is a free uniform involution on (Y — {1}, £.). 
Now consider the topological group R with additive group structure. We note that 
the the left uniformity is equivalent to Euclidean uniformity on topological group 
R. Now the exponential function, f(x) = e x is a uniform homeomorphism from 
(R, £) onto (Y, £). Thus, the restriction g of / on X is a uniform homeomorphism 
from X onto Y — {1}. Also, (0(g(x)) = l/e x = (g(T x {x)). This shows that g is a 
u-equivalence from the triple (X, S,Tx) onto the triple (Y — {1}, C, 0). Hence by 
Corollary 3.11 and 6.4 uB-index (Y — {1}, £, 0) is also oo. 

Next two theorems connect uBU-index of a triple (X,U,Tx) with uniform T x - 
Borsuk cover of (X,U). 

Theorem 6.6. If there exists an open (a closed) uniform n-covering of (X,U,Tx) 
which is non-Tx-Borsuk then uBU-index (X,U,Tx) < n. 

Proof. Suppose C = {C\, C n } is a uniform cover of (X,U) which is not Tx-Borsuk. 
We recall that to every uniform cover of a uniform space one can subordinate an 
equiuniformly continuous partition of unity (see [8]) and obtain a equiuniformly con- 
tinuous partition of unity ..,/„} subordinate to the cover C. Define n functions 
gi : X -»> R as g^x) = fi(x) - fi(T x (x)) and g : X -»■ R n as g = (g h ....,#„). The 
function g is uniformly continuous and for each x G X, g(Tx{x)) = —g(x). We claim 
that g(X) Ci»- {0}. For x eX,J2 fi{x) = 1, therefore for some i, fi{x) + 0. Thus, 
x G support fi C Q. Now, because C, PI Tx(Cj) = 0, a; ^ Tx(Ci) or Tx(a;) ^ Cj. 
Consequently, fi(T x (x)) = 0. This shows that ^(x) 7^ and therefore gr(a;) 7^ 0. From 
these arguments we gather that g is a uniformly continuous function which is not 
Tx-Borsuk-Ulam. Hence uBU-index (X,U,T X ) < n. □ 

Theorem 6.7. Let U be a metric uniformity on a set X and Tx be a free uniform 
involution on (X,U). If uBU-index (X,U,T X ) = n then for k < n + 1, every closed 
uniform /c-cover of X is Tx-Borsuk. 

Proof. Trivially, the 1-cover is T^-Borsuk, therefore we take k > 2. Let C = {C±, Ck\ 
be a closed uniform fc-cover of (X,U), k < n + 1. Define a function / : X ->- R fe - X as 
/(a;) = (dc^x), ■■■■,dc k _ 1 (x)), where '■ Ci — > R is the distance function. Because 
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distance functions dc i are uniformly continuous, the function / is uniformly continuous. 
Now, since uBU-index (X,U,T x ) = n therefore there exists x G X such that f(x) 
equals f(T x (x)). If x G Cj for some i, 1 < i < k — 1 then dc^x) = 0. As f(x) = 
f{T x {x)), d Ci {T x {x)) = 0. Thus T x {x) G Q. If x <£ Q for all i, 1 < i < k - 1 then by 
similar reasoning as above Tx(x) ^ Cj for all 1 < % < A; — 1. Since C is a cover, a; and 
Tx{x) both, must then belong to Ck- □ 

In our next theorem we give an interrelation between uB-index, uBU-index and 
coverings. 

Theorem 6.8. Let T x be a free uniform involution on (X,U) and C = {C\, C n } be 
a cover of (X,U) such that 5gX < min^ uB-index (CjUTx(Cj)) < oo. Then uBU-index 
(X,U,T X ) < ^ =1 ((uB-index (Q UT X (Q)) + 1). 

Proof. We first recall that for a uniform space (X, U), 5dX < n iff every uniformly 
continuous function of any subspace A of X into S n has a uniformly continuous ex- 
tension over X (see [8]). Let Cj = Ci U T X (C{) and uB-index Cj = fcj. There exists 
u-equivariant functions /j : Cj — >■ S rfe< . Now, for each i, let : X — >■ 5*^ be a uniform 
extension of /j. Define a function F : X — » as F(x) = (fi(x), f n (x)). 

Since each fi is uniformly continuous, the function F is uniformly continuous. Also, if 
x G X then for some z, x G Cj. Consequently, 7^ fi(T x (x)). Thus, for no x G X, 

= F(Tx(x)). This shows F is not a Tx-Borsuk-Ulam function. Hence uBU-index 
of the triple (X,U,T X ) is strictly less than ^™ =1 ((uB-index (Cj UT x (Ci)) + 1). 

□ 

7. CONNNECTION WITH COLORING 
7.1 A Discussion 

(i) A new proof of the following basic folklore theorem attributed to various mathe- 
maticians like Banach, Erods and de Bruijn and Katetov was provided in [TO] . 
If X is an arbitrary set and / : X — > X is a function without fixed points then 
there is a partition of X into three sets {Ai : i — 1, 2, 3} such that for each i, 
f{Ai) n Ai = 0. 

The formulation of the set theoretic results like that above into topological set 
up have been used a great deal to obtain results in graph theory and combina- 
torics. The term 'color' which is usually associated with graphs in graph theory 
was for the first time associated with fixed point free continuous maps on topo- 
logical spaces in [2]. This was done to obtain various versions of the Lyusternik 
and Shnirel'man's Theorem which have connections with the set theoretic results 
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as the one above. The term 'color of a map' is defined in J.M. Aarts, et al [2] as 
follows: 

Let A be a topological space and / : A — > A be a fixed point free continuous 
map. Then / is colorable with k colors if there is a closed cover C = {C\, C&} 
with k sets such that for each i — 1, k, /(Cj) D Cj = 0. The elements of C are 
called colors and C is called a coloring of /. 

(ii) Note: 

(a) If Tx is a free involution on a topological space X then a cover of X is a 
coloring of Tx iff it is non Tx-Borsuk. 

(b) Example of a free continuous map on X for which no finite coloring exist is 
given in |1Q| . Also, it is known that every fixed point free homeomorphism 
from paracompact space with finite covering dimension onto itself can be 
colored with finitely many colors [2]. 

(c) If topological spaces into consideration are normal spaces then corresponding 
to a closed coloring, C c j Q of /, that is coloring consisting of closed sets one 
can obtain an open coloring, Cop of /, such that Cop has same cardinality as 
that of C c j Q and vice-versa. 

(iii) In PQ, the term 'color number' was introduced and a connection was given between 
color number and .B-index as follows: 

(a) Suppose / is a fixed point free continuous map on a topological space X. The 
color number C(f) of / is defined as oo if it cannot be colored with finitely 
many open colors otherwise if it is defined as the minimum cardinality of a 
finite open coloring of /. 

(b) If A is a metric space and / : A — > X is a free involution, then 

C(/) = B-index(A,/) + 2 

(iv) We note that the above relation between color number and .B-index can be ex- 
tended to normal spaces using results from Bacon [3] . In [3] , Bacon showed that if 
A is normal space and T is a free involution on A then the following are equivalent. 

(a) There is no continuous function / : A — » S" 1-1 such that for each x G A, 

foT = An-l O / 

(b) If each of C\, C n+ i is a closed subset of X and for each i, % — 1, n + 1, 

C j nT(C i ) = 0thenA^Ur=i^ 
From equivalence of these statements and 7.1(h) (c) we deduce that: For a normal 

space A with a free involution Tx if B-index (A, Tx) is oo then C(Tx) is oo and 

if B-index (A, T x ) = n then C{T X ) >n + 2. 
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Now, if B-index (X,T X ) = n and / : X — > S n is an equivariant map then 
/ _1 (C) is a closed coloring of T X) where C is a closed (n + 2)-coloring of the 
antipodal mapping A n on S n . This shows that C(T X ) < n + 2. Hence, C(T X ) = 
B-index (X,T x ) + 2. 

We shall now interpret our results obtained in Section 6 in terms of coloring. For that 
we first define uniform version of coloring as follows. 

Definition 7.1. Let (X,U) be a uniform space and / : X — > X be a free uniformly 
continuous function. Then we will call a closed (open) uniform cover C of X a closed 
(open) u-coloring of / if C consists of colors of /, that is for each member C of C, 
Cn/(C) = 0. 

Remark 7.2. We remark that a free uniformly continuous function on a uniform space 
may not possess any u-coloring. For example the reflection function T x about origin 
on Euclidean metric space X = K. — {0} does not have any u-coloring. This example 
was discussed while proving Corollary 6.4. However we note that T x is colorable by 
two sets, A 1 = (— oo, 0) and A 2 = (0, oo). 

Next we define uniform version of color number. 

Definition 7.3. For a free uniformly continuous function / from a uniform space (X, Li) 
to itself, we define closed (open) u-color number of / to be oo if there is no finite closed 
(open) u-coloring of / otherwise we define it to be the minimum cardinality of a finite 
closed (open) u-coloring of /. We will denote closed u-color number by cu-C(f) and 
open u-color number by ou-C(f). 

Now, the results obtained in Section 6 can be expressed in the above terminology 
as follows 

Theorem 7.4. (i) For a triple (X,U,T X ) 

(a) If ou-C(Tx) > n + 2 then uB-index (X,U,T X ) > n. 

(b) uBU-index(X,W,T x ) < ou-C(T x ). 

(c) uBU-index(X,W,T x ) < cu-C(T x ) 

(ii) If hi is a metric uniformity on X and T x is a free uniform involution on (X,U), 
then 

uBU-index(X,W,T x ) + 2 < cu-C(T x ) . 

Corollary 7.5. For a triple (X,U,T X ), 

uBU-index(X,W,T x ) < ou-C(T x ) < uB-index(X, U, T x ) + 2. 



24 



JASPREET KAUR 



Acknowledgments 

The author thanks her teacher, Professor Ajit Iqbal Singh, for her extraordinary 
help and encouragement for this paper. She would also like to thank Professor Tej B. 
Singh for discussion on basic material related to the topic. 

References 

1. Aarts, J.M., Fokkinik, R.J., An addition theorem for the color number, Proc. Amcr. Math. Soc. 
129 (2001). 

2. Aarts, J.M., Fokkinik, R.J., Vermeer, J., Variations on a theorem of Lusternik and Schnirelman, 
Topology 35 (1996). 

3. Bacon, P., Equivalent formulations of the Borsuk-Ulam theorem, Canad. J. Math., 18 (1966). 

4. Bourbaki, N., Elements of mathematics, general topology, chap 1-4, Springer- Verlag, Berlin (1971). 

5. Conner, P.E., Floyd, E.E., Fixed point free involutions and equivariant maps, Bull. Amcr. Math. 
Soc. 66 (1960). 

6. Hewitt, E., Ross, K.A., Abstract harmonic analysis, Vol. I, 2nd ed., Springer- Verlag, Berlin (1979). 

7. Howes, Norman. R. Modern analysis and topology, Springer- Verlag, New York (1995). 

8. Isbell, J.R., Uniform spaces, Mathematical Surveys no. 12, AMS (1964). 

9. James, I.M., Topologies and uniformities, Springer- Verlag, London (1999). 

10. Krawczyk, A., Stephrans, J., Continuous colourings of closed graphs, Topology and its Application 
51 (1993). 

11. Matousck, J., Using the Borsuk-Ulam theorem, Springer- Verlag, Berlin (2003). 

12. Roelcke, W., Dicrolf, S., Uniform structure on topological groups and their quotients, McGraw-Hill 
Intl. Book Co., (1981). 

13. Wilansky, A., Topology for analysis, Ginn and Co., (1970). 

14. Yang, C.-T., On theorems of Borsuk-Ulam, Kakutani-Yamabe-Yujobo and Dyson, I, Ann. of Math. 
60 (1954). 

15. Yang, C.-T., On theorems of Borsuk-Ulam, Kakutani-Yamabe-Yujobo and Dyson, II, Ann. of Math. 
62 (1955). 

Department of Mathematics, University of Delhi, Delhi-110007, India 
E-mail address: jasp.maths@gmail.com 



